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SMOOTH EXTENSIONS FOR FINITE CW COMPLEXES

GUIHUA GONG

ABSTRACT. In this paper, we have completely classified the C,-smooth elements
of Ext(X) modulo torsion for X being an arbitrary finite CW complex.

0. INTRODUCTION

Let H be an infinite dimensional complex separable Hilbert space. By L(H)
and K(H) we shall denote the C*-algebras of bounded operators and compact
operators respectively on H, and Q(H) will denote the quotient L(H)/K(H)
with canonical surjection n: L(H) — Q(H).

Let X be a compact metrizable space. By C(X) we shall denote the C*-
algebra of continuous complex valued functions on X. An extension T €
Ext(X) of the algebra C(X) by K(H) is defined by a unital * monomorphism
7: C(X) — Q(H) [6].

For two extensions 7; and 7, of C(X) by K(H), we say 7, and 1,
are equivalent if there exists a unitary operator U on H such that 7,(f) =
n(U*)1(f)n(U). By Ext(X) we shall denote the collection of equivalence
classes of extensions of C(X) by K(H).

Let 7; and 7, be x monomorphisms from C(X) into Q(H) and a; = [14]
and a; = [12] denote the elements of Ext(X) they determine. Further, let
p: Q(H)® Q(H) — Q(H), be the map determined by the diagram

LH)®L(H) —LH®H)% L(H)
| non l=
Q(H) @ Q(H) 4 Q(H)
where v is induced by any unitary between H®&H and H. Now if 7: C(X) —
Q(H) is the map defined by

©(f) = p(11(f) @ 12(f))

for f in C(X), then we set a; + a; = [t]. One can verify that [7] does not
depend on the choice of v.

An extension 7: C(X) — Q(H) is said to be trivial if there exists a unital x
monomorphism ¢: C(X) — L(H) such that 7 =7 o g . The basic fact of C*-
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algebra extension theory is that Ext(X) is an abelian group with the equivalence
class of the trivial extension as the unit.

We refer to [10 and 4] for the basic theory of C*-algebra extensions.

Ext(X) was introduced by Brown, Douglas and Fillmore in order to classify
essentially normal operators up to unitary equivalence modulo the compact
operators. It can be proved that Ext(X) is isomorphic to K-homology K;(X)
(defined by using Spanier-Whitehead duality). But Ext(X) has a close relation
with the index theory of elliptic operators [1, 10] and is a starting point of KK-
theory. Furthermore, this kind of functor can be defined for “noncommutative
spaces” which is useful to give a new invariant for group actions and foliations
[9].

Let G/,(C) and U(n) be the topological groups of n x n complex invertible
matrices and n x n unitary matrices respectively. K'(X) is defined to be the
collection of homotopy equivalence classes of maps from X to U, Gl»(C)
or maps from X to {,-, U(n) (note Gl,(C) and U(n) are homotopy equiv-
alent). Therefore an element in K!(X) can be represented by a map 6: X —
Gl,(C) or 6: X — U(n) for n large enough.

Now we will establish the pairing between Ext(X) and K!(X). Let 7 €
Ext(X) and 6 € K!(X). First we note that §: X — Gl,(C) can be regarded
as an invertible element in C(X) ® M,,. Therefore (t® 1,)(f) is an invertible
element in

QHoH® - H).
n—c;rpies

The pairing of 7 and 6 is defined by
(t, ) = index((t ® 1,)(0)) € Z.

Before studying Ext(X) and K'!(X), some topological results will be proved
in §1 which will be used in later sections and are interesting in their own right.
In particular, we prove the following useful theorem which enables us to reduce
some problems from the general case to the case of spheres.

Theorem 1.2. Let X be a compact metrizable space. For any © € K'(X), there
exist maps fi: X — S¥~! (i=1,2,...,k) such that mt = Zf;lf,-*é)i for
some integer m # 0 and 0; € K'(S*"~1),

In §2, we study the C,-smooth extensions of finite CW complexes and finite
CW complex pairs. The following definition of C,-smoothness for smooth
manifolds can be found in [8].

Definition 0.1. Let M be a smooth compact manifold (perhaps with boundary)
and let C°(M) denote the x-algebra of all smooth functions on M. A 7 €
Ext(M) is Cp-smooth if there exists a *-linear map p: C*°(M) — L(H) such
that p(ab) — p(a)p(b) € C, and mo p = T|coo(pr) -

The notion of C,-smoothness was introduced by R. Douglas and is one source
of the motivation for Connes noncommutative geometry.

It was shown in [17, 11] that the C;-smooth elements of Ext(X) come from
the 1-skeleton of X modulo torsion. And also it was shown in [12] that each
C,_1-smooth element of Ext($§2"~!) is trivial. The natural problem is to classify
Cp-smooth extensions modulo torsion for a general CW complex.
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In §2, we generalize Definition 0.1 to a finite CW complex and obtain the
following theorem which solves the above problem. Especially, the results in
[17, 11 and 12] are direct consequences of our theorem.

Theorem 2.2 & Theorem 2.4. Let X be a finite CW complex, X* denote the
k-skeleton of X, and © € Ext(X). Then there exists an integer m; # 0 such
that myt is Cp-smooth if and only if there exists an integer m, # 0 such
that myt € i,(Ext(X?"~1)), where i,: Ext(X?"~!) — Ext(X) is induced by the
inclusion map i: X?*~1 — X . Furthermore, if X is a smooth compact (2n—1)-
manifold, then each element in Ext(X) is C,-smooth when p >n — 1.

Theorem 2.3. Let X be a finite CW complex, 1 € Ext(X) = K,(X) and
ch: Ki(X)®Q — Hyga(X , Q) be the Chern map, where Hyzq(X , Q) denotes the
direct sum of all the ordinary homology groups of odd dimension with rational
coefficients. Then there exists an integer m # 0 such that mt is C,-smooth if
and only if cht e @;_; Hu_1(X, Q).

The main idea in the proofs of our theorems is using some topological tech-
niques (e.g., Theorem 1.2) to reduce the case of CW complexes to the case of
spheres (for the “only if” part) which studied in [12], or to the case of compact
smooth manifolds (for the “if” part).

More generally, we also obtain similar results for the relative extension theory
of finite CW complex pairs.

In §3, we study p-summable Fredholm modules of C°° (M), which can be
thought of as elements of Kyo(M) = KK(C(M), C), and their Chern characters
in the cyclic cohomology H;(C*(M)), where H;(C*(M)) is an analogue of
deRham homology theory obtained by first using algebra language which then
can be generalized to noncommutative algebras. (See [8] for details.) We will say
more about H;(C*(M)) in §3. In particular, we prove the following theorem.

Theorem 3.2. If M is a compact smooth manifold without boundary and ¢ €
HF(C®(M)) (k even), then there exist (k + 1)-summable Fredholm modules
7, (i=1,2,...,n) and complex numbers o; (i =1,2,...,n) such that
i aich® 1~ ¢ in Hf(C®(M)), where ch* is Connes’ Chern map.

We would like to point out that A. Connes constructed the graded Chern
characters

ch*: {(n + 1)-summable Fredholm modules} — H}(C*(M))
in §2 of [8], where n is an even integer, and that he also proved that
ch*: {finite summable Fredholm modules} — H®*"(C>(M))

is surjective modulo torsion. Theorem 3.2 says that the Chern map is a graded
surjection.
Some results of the paper have been announced in [13].

1. SOME TOPOLOGICAL RESULTS

In this section, we will prove some topological results. Theorem 1.1 will be
used in defining C,-smooth extension for general finite CW complexes. Theo-
rem 1.2 will be used in proving our main results in §2 and [14]. Theorem 1.3
will be used in §§2 and 3.
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Theorem 1.1. If X is a finite CW complex, then there exists a compact smooth
manifold M (perhaps with boundary), and two maps f: X - M and g: M —
X such that g o f is homotopic to id |y .

Using the following proposition [15], we can reduce the proof of this theorem
to the case of X being a simplicial complex.

Proposition 1.1. Every CW complex has the homotopy type of a simplicial com-
plex.

Before proving Theorem 1.1, we prove the following lemma.

Lemma 1.1. For any finite simplicial complex X, there exists an embedding
i: X - R" (for some n) and an open neighborhood U of i(X) such that i(X)
isaretractof U.

Proof. Let {v;, v2, ..., vy} be the vertices of X. We can define i: X — R"
to be the piecewise linear map determined by

i(vg)=(0,...,0,1,0,...,0) e R".
N—t N—
k-1 n—k
Let Y = {(a1,a2,...,a,) € R"| -2 < a; <2 forall k}. It is easy to see

that Y is a closed neighborhood of i(X) in R". We can triangulate Y so
that i(X) is a subcomplex of Y . The result of (1.6) on p. 50 of [22] says that
(Y, i(X)) is an NDR pair. This means that there is an open neighborhood U,
of X in Y such that X is a retract of U;. If U; is not open in R", we can
replace U; by a smaller open neighborhood U of X. Q.E.D.

Proof of Theorem 1.1. By Lemma 1.1, without loss of generality, we can assume
X is a closed subset of R" with an open neighborhood U such that X is a
retract of U .

Define a map u: R" — R by u(x) =d(x, X) (for all x € R") which is the
distance between the point x and the closed subset X . Then there exists an
€ > 0 such that {x|u(x)<3e}cU.

It is well known that there exists a smooth map v: R” — R (see Proposition
17.8 on p. 213 of [5]) with |u(x) — v(x)| < ¢ for all x € R". By the Sard
Theorem, there exists a regular value ¢ of the map v in (g, 2¢). So if we
choose M = {x|v(x) <c}, then M isacompact smooth manifold with smooth
boundary {x|v(x)=c}. Itis easy to see that X C M Cc U. So X is a retract
of M. We can define the map f to be the inclusion from X to M, and the
map g to be a retraction from M to X, thus completing the proof of Theorem
1.1. Q.E.D.

We believe that Theorem 1.1 is a well-known result in topology. We provide
a proof here because we have been unable to find a precise reference for it.
Our next aim is to prove the following main theorem in this chapter.

Theorem 1.2. Let X be a compact metrizable space. For any 1 € K'(X), there
exist maps fi: X —» S~ (i=1,2,...,k) such that mt = f.;lf,.*oi for
some integer m # 0 and 6; € K!(S§2%—1).

The proof of Theorem 1.2 will be divided into several steps.
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Lemma 1.2. If Theorem 1.2 is true for the special case of X = U(n), then the
theorem is true for an arbitrary compact metrizable space X .

Proof. Assume the theorem is true for U(n) and X is a compact metrizable
space. Let 1 € K!(X). Then t can be realized as a map f: X — U(n) for n
large enough. Let ¢ € K!(U(n)) be the element determined by the identity map
from U(n) to U(n). Hence t = f*7. By our assumption mt = Zf;lf,.*ﬁi for
some maps f;: U(n) — S¥i~! 0, € K!(S?"~!) and integer m # 0. Therefore
mt = Zf;l( fo fi)*8;. This completes the proof of Lemma 1.2. Q.E.D.

Lemma 1.3. Theorem 1.2 is true for X = S' x 83 x ... x §2-1,

Proof. Consider ordinary cohomology H*(X) = @, H'(X). The Kiinneth for-
mula yields

H*(X)=H*(S"Y) @ H*(S’ )@ H*(S>)® --- @ H*(S*"1).

Let 7y, 13, ..., Ton—1 begenerators of H!(S'), H3(S3), ..., H*1(S?-1),
respectively. Then H*(X) is generated by 1, 7y, 73, ..., Tap—1, T1 X T3, T} X
Ts, ..., TI X T3 X Ts X --- X Tpp—1 as a group. But each 7, x 7, x -+ x 1,
(1 <p;i <2n-1 are odd numbers) is a generator of

HP|+P2+'“+Pk(SPl X SP2 % ... x Sl’k).

Let f be the canonical map of degree 1 from S?t xS?2x...xSPx to SP1+P2t +Pk
(this map collapses Uf.‘zl SP1xSP2x - - - x SPi-1 x {pt} xSPi+1 x - - - x §Px t0 one point,
where {pt} denotes a fixed point in S?). Then f induces an isomorphism
from HP1+P2+"'+Pk(SP1+P2+"'+Pk) to HP|+P2+"'+Pk(Spl X SP2 x ... x Spk) . This
proves T, X Tp, X --- X T, = f*6@ for some @ € HP1tPrt+P(SPrtPrtothic)
Therefore, for any element 7 € H*(X) (X =S8' x 83 x--- x §2%~1) there exist
maps fi: X — 8™ such that =3 f*6; for some 6; € H*(S™).

By using bijectivity (up to a rational multiplier) and the naturality of the
Chern map between K*(X) and H*(X), one verifies Lemma 1.3 easily. Q.E.D.

By Lemma 1.2 and Lemma 1.3, we need only to reduce the case of X = U(n)
to the case of X = S! x §3 x ... x $27~! for proving Theorem 1.2.

First, we recall some results on the topology of U(n). Let p,: U(n) —» S*~!
be the map which maps 4 € U(n) to the last column of 4 which can be thought
of as an element in S2"~!. Then we have the fibre bundle

Un—1)5 Un) & s21,

where i, is the inclusion map which maps Be U(n—1)to (59) e U(n).
Suppose m < n, and consider the finite CW complex pair (U(n), U(m)),
where U(m) is embedded in U(n) by the inclusion map which maps B € U(m)

to
(g 1,2,,,) € Uln).

The following lemma is about the cell structure of the pair (U(n), U(m)).

Lemma 1.4. There exists a finite CW complex X with U(m) as the 2m-skeleton
of X and a homotopy equivalence f: U(n) — X such that flym) =id.

Proof. We need only to prove the case n = m + 1. Consider the fibre bundle
Um) - Um+1) — §2m+1,
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By Theorem 8.5 on p. 187 of [22], we have 7, (U(m+1), U(m)) = m; (S2m+1)
forall k > 1. Hence m(U(m + 1), U(m)) =0 whenever 0 < k <2m.

Theorem 2.6 on p. 219 of [22] implies that any n-connected CW pair (X, A)
is weakly homotopy equivalent to a CW pair (Y, A) with 4 being the n-
skeleton of Y. And Theorem 3.5 on p. 220 of [22] says that weakly homotopy
equivalence between two CW pairs is homotopy equivalence. Put these two
theorems together to finish the proof of Lemma 1.4. Q.E.D.

As in the proof of Lemma 1.4, if (X, 4) is an n-connected CW pair, we
can always assume that A is the n-skeleton of X . In particular, if X is an
n-connected CW complex, we can assume that the n-skeleton of X is a set
consisting of a single point. This argument will be used several times in this
paper.

Lemma 1.5. H*(U(n)) = Z{x1, X3, ..., Xon—1} IS an exterior algebra with odd
dimensional generators {x,;_1}!_,. In addition, the following statements are
true:

1. If i: U(m) — U(n) (m < n) is the inclusion, then i*: H*(U(n)) =
Z{x\, X3, ..., Xon-1} = H*(U(m)) = Z{y1, ¥3, ..., Yam—1} is defined by

*X2i—1 = Y21, When0<i<m,
i*xi_1=0, whenm+1<i<n

Jor a proper choice of generators {xy;_1}}_, and {yz_1}",.

2. If pn: U(n) - §?*~! is defined as before, then p; maps the generator of
H2 1821 t0 X3,y € H*1(U(n)).
Proof. The first part of this lemma is a standard result in topology (see p. 164
in [16]) which can be proved by using the spectral sequence of the fibre bundle
U(n—1) - U(n) — S?!. The additional parts (1) and (2) can be easily
proved by using Lemma 1.4 and the above fibre bundle. Q.E.D.

Let x,(c") denote a map of degree k from S$27~! to itself. Before proving the
next lemma (which is a key lemma in proving Theorem 1.2), we state a result
about homotopy operations.

Proposition 1.2. For any integer k and any [o] € n;(S?**~') represented by
a: 87— S2=1 we have [x}) o a] = 4k[a] in m;(SP"1).

This proposition is a special case of Theorem 8.9 on p. 537 of [22] which is
proved by using the Whitehead product.

Lemma 1.6. Let (U(n), U(m)) be as before (m < n). Then there existsa k # 0

such that x,(('") o pm: U(m) — S*™=1 can be extended to a map from U(n) to
S2m—l .

Proof. We use xi, p to denote x,(('") and p,, respectively, for short. Let X
be the space in Lemma 1.4, where we replace U(n) by X . Let X! denote the
i-skeleton of X . Then X?" = U(m). We will prove by induction that there
exists an integer k; # 0 such that y o p: U(m) — S?™~! can be extended
to X'. Assume that there exists an integer k; # O such that x4 op can be
extended to X! (i > 2m). We are going to prove that there exists an integer
kir1 # 0 such that x,,, op can be extended to X'+!'. Because i > 2m, by
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Serre’s Theorem, #;(S2™~1) is a finite group. Let N be the order of this group.
Choose ki.; = 4Nk;. Then xy,, op = xan o (X, op) can be extended to X'
(which we also denote by yxy,., op) by the induction assumption.

Let e'*! be an arbitary (i + 1)-cell of X and 6: S’ — de’*! C X' be the
attaching map of e’*!. By obstruction theory, the map x,, op: X' — $2m~!
can be extended to e't! if and only if (y,, op)o6:S" — S2m~1 defines a
trivial map. But by Proposition 1.2

[(Xky, ©P) 0 0] = [Xan o (Xk, 0 P) 0 0] = 4N[(xr, op) 2 6]1=0
in m;(S?™-1). This completes the proof of Lemma 1.6. Q.E.D.

Lemma 1.7. There existsamap u: U(n) — S'xS3x---xS?"=1 sych that for any
1€ H*(U(n)), there exists an integer m # 0 and 0 € H*(S! x §3 x --- x §21-1)
with mt = f*0.

Proof. By Lemma 1.6, we have maps u;: U(n) — S¥~! (i =1,2,...,n)
which extend some x,((f_)op: U(i) — S?-! where k; #0 (i=1,2,...,n) are
integers.

Let 6, be the generator of H2~!(S%-1) for each i and x;, x3, ..., Xan_1
be generators of the ring H*(U(n)) in each dimension. Then by Lemma 1.5
we have uf0 = k;xp;_;. It is easy to see that u = uy X uy x --- x u,: U(n) —
ST x 83 x ... x 82"-1 js the map we want. Q.E.D.

Now Theorem 1.2 just follows from Lemma 1.2, Lemma 1.3 and Lemma 1.7
where we use the Chern map again.

Corollary. Let X be a compact metrizable space. For any v € H*~'(X), there
exist an integer m # 0 and f: X — S*~! such that mt = f*0, where 0 is
the generator of H**~1(§2%-1).

Proof. This is a direct consequence of Theorem 1.2 using the Chern map.
Q.ED.

Remark 1. Lemma 1.6 and Lemma 1.7 state that there exist maps from U(n)
to spheres which realize the multipliers of the generators of the cohomology
ring of U(n). It would be nice to find the maps explicitly, but the author does
not know any direct way to do it.

Remark 2. The following result can be concluded from [19 and 7): If X is a
finite CW complex and dim X < 2k — 1, then for any 7 € H¥(X), there exist a
map f: X — S* and an integer m # 0 such that mt = f*6. Our Corollary is
a similar result which has no restriction on the dimension of X . And we should
point out the following facts: (1) Theorem 1.2 and the Corollary are not true
for KO%(X) and H?*(X) (we give a counterexample below). (2) In Theorem
1.2 and the Corollary, it is essential to have a multiplier of 7. Generally, we
cannot find f; with 1 =37, f*6; or f with 7= f*6.

Remark 3. By [16, top line on p. 165], U(n) and S!x .83 x---x 52"~ have the
same rational homotopy type. But this is not enough to conclude the existence
of the map u in Lemma 1.7.

We give the following example which shows that Theorem 1.2 and its Corol-
lary are not true for the even case.
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Example. Let X be the complex projective plane CP2. It is well known that
H?(X) & H*(X) = Z and furthermore, if 6, and 6, are the generators of
H*(X) and H*(X) respectively, then 62 = 6,. If f: X — S? is a continuous
map and @ is the generator of H?(S?), then

(f*(6))* = f*(6*) = f*(0) = 0.

Hence f*(6) = 0. So neither #; nor multipliers of 6, can be expressed by
pullback of 6.

The author would like to thank the referee who kindly points out the above
example which is simpler than the one in the old version of the paper.

We conclude this section with the following theorem which is a special case
of the theorem on p. 210 on line 7 of [21].

Theorem 1.3. If (X, Y) is a finite CW complex pair and © € H(X,Y), then
there exist a smooth compact oriented k-manifold M with boundary OM and
amap f: M — X with f(OM) C Y such that mt = f.6 for some integer
m#0 and 6 € H (M, O0M). In particular, if Y is empty, then M can be
chosen as a smooth compact oriented manifold without boundary.

2. SMOOTH EXTENSIONS FOR FINITE CW COMPLEXES

In this section, we study C,-smoothness of extensions for finite CW com-
plexes and CW complex pairs. The notion of C,-smoothness was introduced
by R. Douglas and studied in [17, 18, 11 and 12]. In this aspect, the two most
important results are the following:

(1) C;-smooth elements of Ext(X) come from the 1-skeleton of X modulo
torsion [17, 11], when X is a simplicial complex.

(2) Cn_;-smooth elements of Ext(S?"~!) are trivial [12].

The natural problem is to characterize the C,-smooth extensions for a general
space X (e.g. CW complex). In this section, we first generalize the definition
of Cp-smoothness (Definition 0.1 in the Introduction) to a finite CW complex.
And we obtain necessary and sufficient conditions for an extension of a finite
CW complex to be C,-smooth modulo torsion. In particular, the above results
(1) and (2) are direct consequences of our theorem. We also prove a similar
result for a relative extension of a CW complex pair. Our results answer several
open questions in [11 and 12]. Finally, we apply our theorem to operator theory
and study an essentially normal n-tuple of operators (73, 75, ..., T,) with the
commutators [T}, T7] and [T, T;] (1 <i,j<n) in Cy=class.

Let H, L(H), K(H), Q(H) and =n: L(H) — Q(H) be as in the Intro-
duction. Recall that if T is a compact operator on H, then there exists a
complete orthonormal basis {y,}52, of H such that T*Ty, = A2y, where
{An}}35 is a sequence of nonnegative real numbers with 1, — 0. We say T
is in the Schatten-von Neuman p-class (denoted by T € C,), if T € K(H)
and Y 77, 45 < 4+o0c. It is obvious that C, C C, when p < g. Therefore, in
Definition 0.1 in the Introduction, if 7 is C,-smooth, then T is C,-smooth
whenever ¢ > p.

Theorem 1.1 in §1 is used to give the following definition of C,-smooth for
a finite CW complex.
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Definition 2.1. Let X be a finite CW complex, and M and f be as in Theorem
1.1. Then 7 € Ext(X) is C,-smooth if f,7 € Ext(M) is C,-smooth (see
Definition 0.1).

Theorem 2.1. The definition of C,-smoothness does not depend on the choice of
M or on the maps f and g in Theorem 1.1.

To prove Theorem 2.1, we need the following lemma:

Lemma 2.1. Let M and N be compact smooth manifolds (perhaps with bound-
ary), and let u be a continuous map between M and N. If © € Ext(M) is
Cp-smooth, then u,t € Ext(N) is C,-smooth.

Proof. By Proposition 17.8 on p. 213 of [5], there exists a smooth map v
between M and N such that u is homotopy equivalent to v. So we can
assume # is a smooth map.

Let 7: C(M) — Q(H) be a Cp-smooth extension. Then by Definition 0.1
there exists a positive linear * map p: C*°(M) — L(H) such that porn =1
and p(fg) - p(f)p(g) € G, forall f, g€ C®(M).

Let us describe u,t € Ext(N). First we define 7,: C(N) — Q(H) as the

following:
T (f)=1(fou) for fe C(N).

Then 7, isa * homomorphism. But in general, 7, is not faithful. So we cannot
say u,t is determined by 7,. However, if 7,: C(N) — Q(H) is a faithful
* homomorphism which can be lifted to a * homomorphism p,: C(N) —
L(H) (this means that 7, is trivial in Ext(N)), then u.t is determined by
71,9 17: C(N) - QUH® H). Let py: C*°(N) — L(H) be a positive linear
map determined by p,(f) = p(fou) for f € C°(N). It is easy to verify that
p1 ® (p2lceny): C°(N) — L(H @ H) satisfies the condition in Definition 0.1
which serves as the lifting for 7, & 7. Therefore u,t is Cp-smooth. Q.E.D.

Proof of Theorem 2.1. Let M, and f;, g be another choice of space and

maps which satisfies Theorem 1.1. Because g o f is homotopic to id|x, f is
homotopic to f; o g o f. Therefore

fi.t = (fio 8)«(fi1).
By Lemma 2.1, if f.7 is C,-smooth, then fi.7 is C,-smooth. The proof of
the converse is exactly the same. Q.E.D.

The following two corollaries are direct consequences of Lemma 2.1 and its
proof.
Corollary 1. In Definition 0.1, the notion of Cy,-smoothness does not depend on
the particular smooth structure associated to the manifold M .
Proof. Take f to be the identity map on M in Lemma 2.1. Q.E.D.

Corollary 2. Let f: X — Y be a continuous map. Then f, takes the C,-smooth
elements of Ext(X) to Cp-smooth elements of Ext(Y).

Corollary 1 above answers the question on p. 68 of [11].

Now let M be a smooth compact oriented manifold without boundary. In
[2], Baum and Douglas construct an element in Ext(M) for each selfadjoint
elliptic pseudo-differential operator on M . This construction and Theorem 2
in [2] can be used to prove the following theorem. However, we believe that
this theorem is well known to experts, so we omit the proof.
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Theorem 2.2. If M is an n-dimensional oriented compact smooth manifold with-
out boundary, then all the elements of Ext(M) are C,-smooth whenever p > % .

Now we are going to prove our main results in this section.

Theorem 2.3. Let X be a finite CW complex, 1 € Ext(X) = K\(X) and
ch: K1 (X)®Q — Hygq(X, Q) be the Chern map, where H,q4(X , Q) denotes the
direct sum of all the ordinary homology groups of odd dimension with rational
coefficients. Then there exists an integer m # 0 such that mt is C,-smooth if
and only if cht € @;_, Hy-1(X, Q).

Proof. If cht € @j_, Hy-1(X,Q), then cht =6, + 03+ --- + 0,1, Where
02—, € Hyi1(X, Q). Without loss of generality, we can assume cht = 0 €
H, (X, Q). By Theorem 1.3 in §1, there exist a compact oriented smooth
manifold M of dimension 2n — 1 and a map f: M — X such that 6 = 1.0
where 6 € H,,_ (M, Q). (Please note that we use rational coefficients here, so
we do not need to multiply 6 by an integer.) By surjectivity of the Chern map
between K;(M)®Q and Hygq(M, Q), there exista 7 € Ext(M) = K(M) anda
rational number £ with ch(sf) = 0. Therefore, ch7 = f, ch(2%) = ch(£(£%)).
Using the injectivity of the Chern map,

T= g(ﬂ%) in K;(X)®Q.
Hence, there exists an integer m; with
mit=mp(f£%)/q in K(X).

Therefore,

myqt = mp(fi%) = fi(mp?).
Let m = m;q. From Theorem 2.2 and Corollary 2 of Theorem 2.1, we know
that mt is C,-smooth. This completes the proof of the “if” part.

Suppose that there exists an integer m # 0 with mt being C,-smooth.
We are going to prove cht € @j_, Hyx—1(X, Q). If not, there exists a 6 €
H?-1(X, Q) with i > n, such that the pairing (cht, ) # 0. By the Corollary
of Theorem 1.2, there exist a map f: X — S2~! and 6 € H*~1(S%-1) such
that 6 = f *gé where g is a rational number. By our assumption, mt is C,-
smooth. Therefore mf,t = f,mt is a C,-smooth element in Ext(S%-!). By
Proposition 3 in [12], mf,7 is the trivial element in Ext(S%~') = Z. Therefore

£t =0. Hence
D ; D ;
O0=(chfit,=0)= .cht,—0>
< 5 4> <f q

- <cht,f““ (gé» = (cht, 6) #0.

This contradiction completes the proof of the “only if” part of Theorem
2.3. QE.D.

The following theorem is almost equivalent to the above results but is perhaps
more useful in practice.

Theorem 24. Let X be a finite CW complex, X* denote the k-skeleton of
X and t € Ext(X). Then there exists an integer m; # 0 such that mt
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is Cp-smooth if and only if there exists an integer m, # 0 such that myt €
i.(Ext X2"=1), where i,: Ext(X?"~') — Ext(X) is induced by the inclusion map
it X1 x.

Proof. If there exists an integer m; # 0 with m;t being C,-smooth, then
by Theorem 2.3, cht € @j;_, Hu-1(X, Q). Please note the following well-
known fact from homology theory, i,: Hy(X") — Hi(X) is a bijection when
k < n and a surjection when k = n. It is routine to prove that there exists an
integer m, # 0 with myt € i,(X?"~!). The “if” part follows from Theorem
2.2, Theorem 2.3 and the bijectivity of the Chern map from K;(X)® Q to

Corollary 1. If X is a (2n — 1)-connected finite CW complex, then all the C,-
smooth elements of Ext(X) are torsion elements.

Proof. As in §1, we know X is homotopic to a CW complex with its 2n — 1
skeleton being a single point. According to Corollary 2 of Theorem 2.1, we can
assume that the 2n — 1 skeleton of X is one point. Thus this corollary follows
from Theorem 2.4. Q.E.D.

Corollary 2. Let X be a (2n — 1)-connected finite CW complex and dim X <
2n+ 1. Then all the C,-smooth elements of Ext(X) are trivial.

Proof. Let t € Ext(X) be C,-smooth. According to Corollary 1, there exists
an integer m # 0 with mt = 0. Consider the relative homology exact sequence
of (X, X?"), where X2" is the 2n-skeleton of X (see p. 37 of [10] for the
sequence).
Ext(X?") &5 Ext(X) 25 Ext(X/X?").

Since dim X <2n+1, X/X?" is the space of the bouquet S2"*!v §¥+ly...v
S2n+1 of several 2n + 1 dimensional spheres. This implies that Ext(X/X?")
is torsion free. Therefore p,7 = 0. So t = i,6 for 6 € Ext(X?"). But
X is (2n — 1)-connected, so we can assume that X 2n—1 s one point. Hence
X27 is the bouquet of 2n-dimensional spheres. Therefore K!(X?") = 0. This
completes the proof of Corollary 2. Q.E.D.

The main theorem of [12] (see Proposition 3 in that paper) is the special case
of our Corollary 1 when we take X to be S2"*!. And the two main theorems of
[11] (see p. 65 and p. 66) are the special cases of our Corollary 1 and Corollary
2 respectively taking n = 1. But we should point out that Proposition 3 in [12]
is used in proving our main results and that the original proof of the theorem
in [11] inspired our proof of Corollary 2.

Now, we will briefly discuss the C,-smoothness for a relative extension of a
finite CW complex pair.

Definition 2.2. Let (X, Y) be a relative finite CW complex pair. Then 7 €
Ext(X, Y) is said to be C,-smooth if the image of 7 under the canonical
isomorphism from Ext(X, Y) to Ext(X/Y) is Cp,-smooth.

One can prove the following theorem.

Theorem 2.5. Let t € Ext(X, Y). Then the following are equivalent:

1. There exists an integer m # 0 such that mt is C,-smooth.

2. chte @y Hu-1(X,Y,Q), where H(X,Y,Q) denotes the relative
homology group of the CW complex pair with rational coefficients.




354 GUIHUA GONG

Before we end this section we give an application of our theorem to operator
theory.

Let X be a finite simplicial complex embedded in R". We say that X
is smoothly embedded in R" if we can find a closed neighborhood U with
smooth boundary, such that X is a retract of U and the retraction r: U — X
is homotopictoamap f: U — X with io f: U - X — U being smooth. We
can prove that any 1-dimensional simplicial complex can be smoothly embedded
in R". And while I believe that this is true for any dimension, I have been
unable to prove it.

We give the following theorem as an application of our results in this section.

Theorem 2.6. Let (T, T, ..., T,) be an essentially normal n-tuple of opera-
tors and X C C" be the essential spectrum of the n-tuple. Then the following
statements are true:

(1) If X is a closed m-dimensional smooth oriented manifold embedded
in C", then for any p > m/2, there exists an n-tuple of compact operators
(K1, Kz, ..., Ky) with [Ti+K;, T; +K;1€ G, and [T;+K;, T; +K;]€ Cp.

(2) If X is a m-dimensional simplicial complex smoothly embedded in C",
then for some n-tuple

(S13 SZ: ey Sn)
=QT]@Tlﬂa"'@TL,Iz@Tz@"'@Tg, ,Tn@Tn@"'@TrL)
k-c;ies k-c;;)ies k-c:);ies
(k is an integer), there exists an n-tuple of compact operators (K|, K, ..., K,)
acting on

HoHo---oH
k-c;pies
such that [S; + K;, S;i+Kj]e C[m/2]+1 and [S; + K;, S}‘ + K;] € C[m/2]+l .

Proof. (1) follows from Theorem 2.2 and (2) follows from Theorem 2.4 and
the Corollary 2 of Theorem 2.1. Q.E.D.

If we take X = S?"~! then we answer the question on p. 109 of [12].
In particular, we have the following fact: If (T3, T;,,...,T;,) is the n-
tuple of Toeplitz operators on H2(0B,), then there exist n compact operators
(K1, K>, ..., Ky) suchthat [T;,+K;, T;;+K;] € C, and [T}, +K;, T; +Kj] €
C, when p>n— % . There does not seem to be any direct proof of this fact.

3. SUMMABLE FREDHOLM MODULES OF C*(M)
FOR A COMPACT SMOOTH MANIFOLD M

Corresponding to K;(X) = Ext(X) [6, 10], in the even case, Kasparov [20]
proved that each element of Ky(X) can be realized as a Fredholm module of
C(X) and therefore Ky(X) = KK(C(X), C). We refer to [4] for the general
theory of K-homology and K K-groups.

Let M be a compact smooth manifold, and C*°(M) denote the algebra of
smooth functions on M . The notion of a p-summable Fredholm module of
C>(M), which can be thought of as an element in Kyo(M) = KK(C(X), C), is
the even analogy of C,-smooth extension and it was introduced by Connes [8].
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In this section, we study the p-summable Fredholm modules of C*(M)
and their Chern characters in H;(C*°(M)), where H;(C>(M)) is the cyclic
cohomology of C>®(M). Furthermore, we also study the case of a compact
manifold with boundary.

First we briefly recall some definitions and basic results. Let X be a compact
metrizable space, and I'(X) denote the collection of triples (H, o, F) which
are called the Fredholm modules of C(X), where,

(1) H=Hy® H, is a Z, graded Hilbert space with a grading operator & ,
&&= (—1)4.¢¢ forall ¢ € Hy or £ € Hy;

(2) 6 =09®a,,and g;: C(X) — L(H;) is a continuous * homomorphism;

(3) FEL(H), F?=1, F€ = -&F , and for any f € C(X), one has

Fa(f)-a(f)F € K(H).

Ko(X) is defined to be I'(X) modulo certain equivalence relations (for de-
tails see §2 of [3] or Chapter 5 of [10]).

If M is a compact smooth manifold, then a p-summable Fredholm mod-
ule of C®(M) is an element of I'(M) which satisfies the following stronger

condition:
(3) FeL(H), F?=1, F& = -&F, and for any f € C®(M), one has

Fo(f) - a(f)F € Cp.

In [8], Connes defined the cyclic cohomology H}'(%) of an algebra & over
C as follows. Let C}(%/) be the set of n + 1 linear functions on . which
satisfy

7(a', a?, ..., a", a%
=(-1)"1(a°, a',a?,...,a", Va®,a',a*, ...,a"eH.
Define b: C(&/) — CJ*' (/) by
(b1)(a®, a', a?, ..., a"*") = 1(a%', %, ..., a™*")

n

+ z(—l)it(ao, SO L7 Lt S L))
i1

+ (=)lg(@™1a®, ..., a").

One can verify b2 =0. H} %) is defined to be

Ker{b: C}(/) — CI*} (o)}

Im{b: C}~ (&) - C}H)}
Connes defined a useful map S: H}(¥) — H'* 2(«/), and defined Hev*" (%)
to be the inductive limit of the groups H2"(%/) under the map S: H"(&/) —
H»*%(&/), or equivalently, the quotient of @2, H2"(%/) by the equivalence

relation ¢ ~ S¢. H°4(%) is defined in the same way.
In §2 of [8], Connes also constructed the graded Chern map

ch*: {(n + 1)-summable Fredholm modules} — H}(C*(M)),
where n is an even integer. And he proved that
ch*: {finite summable Fredholm modules} — H®*"(C*°(M))

is a surjection up to complex multipliers. Our main result in this section says
that the Chern map is a graded surjection.
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Theorem 3.1. Let M be an n-dimensional compact oriented smooth manifold
(n even). Then all the elements of Ko(M) can be realized as (n + 1)-summable
Fredholm modules.

Proof. In §5 of [2], Baum-Douglas proved that each element 7 in Ky(M) can
be represented by a first order elliptic pseudo-differential operator. Then by
§6 of [8], we know that 7 can be realized as an (n + 1)-summable Fredholm
module. This completes the proof. Q.E.D.

Before proving our main result, we give the following two lemmas.

Lemma 3.1. If X is a finite CW complex and t € H, (X, C), then there exist
compact oriented smooth k-manifolds M; (i=1,2, ..., n) without boundary
and maps fi: M; — X such that © = Y [_, fi.0; for some 6; € H,(M;, C),
where Hi (X, C) denote the homology of X with complex coefficients.

This lemma is another version of Theorem 1.3. We omit the proof here.
Please note that one should use several manifolds rather than a single mani-
fold (in Theorem 1.3) because of the complex coefficients.

Lemma 3.2. If M, N are compact smooth manifolds and f: M — N is a
continuous map, then f, maps p-summable elements of Ko(M) to p-summable
elements of Ko(N).

The proof of this lemma is exactly the same as that of Lemma 2.1.

Theorem 3.2. If M is a compact smooth manifold without boundary and ¢ €
HFK(C™(M)) (k even), then there exist (k + 1)-summable Fredholm modules
t, (i=1,2,...,n) and complex numbers o; (i =1,2,...,n) such that
i aich®t;~ ¢ in H*(C®(M)), where ch® is Connes’ Chern map.

Proof. Let ¢ € H,{‘(C°°(M)) . According to (1) and (2) of Theorem 46 in [8], we
know that ¢ corresponds to ¢;+@x_»+---+@o under amap h: H®V"(C>®(M))
— @, Hy;(M, C), where ¢,_; € Hy_;(M,C). As pointed out by Connes in
[8], the composition of the following two maps

Ko(M) ®C & B (C(M)) & @ Hyj(M, C)
J

is the usual Chern map from Ko(M)®C to ; Hy;(M, C) (denoted by ch),
where ch* is induced by Connes’ Chern map ch*: Ko(M) — H®V*(C>(M)).
Therefore the composition of the following sequence of maps

HO*(C(M)) & @) Hyy(M , ©) %5 Ko(M , ©) &5 Ho™(C> (M)
J
is the identity map. From the above fact, we need only to prove that for
each gj_;, there exist k + 1-summable Fredholm modules 7; € Ko(M) (i =
1,2,...,n)and o; €C (i=1,2,...,n) such that ch ' g;_; = ¥ oiT;
as elements of Ko(M)®C.

Without loss of generality, we just need to prove this for ¢y .

Using Lemma 3.1, we have ¢, = Y[, fi.0;, where 0; € H(M;, C) and
M; is a connected compact oriented smooth k-manifold. Since H;(M;)® C =
H,(M;,C) = C as well as H(M;, Z) = Z, there exists a f; € C\{0} such
that B;6; corresponds to an integer under the isomorphism between H;(M, C)
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and C. This means that B;6; can be expressed as an element of H,(M;, Z).
Therefore ch™ B;0; € Ko(M) ® C can be chosen as an element in Ko(M;).
Hence ch™! B,6; can be represented by a (k + 1)-summable Fredholm module
according to Theorem 3.1. Lemma 3.2 says that f. ch™! B;6; € Ko(M) can be
represented by a k + 1-summable Fredholm module. But

n
- 1
ch l¢k= E ——_T,‘
i=1 7

as the element in Ko(M) ® C, where 1, = fi. ch™! B;6;. This completes the
proof. Q.E.D.
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